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C J , Abstract. We study the limiting behavior of Hermitian- Yang-Mills metrics 

on a class of rank two slope-stable vector bundles over the product of two 
^^ elliptic curves with a family of product metrics, which are flat and have areas 

^ ' ' e and e~^ on two factors respectively. The method is to construct a family 

of Hermitian metrics and then compare them with the normalized Hermitian- 
Yang-Mills metrics. We find that the metrics are close in C* to arbitrary order 
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1. Introduction 



j^ ' A Calabi-Yau manifold is a compact Kahlcr manifold with zero first Chern class 

and vanishing first Bctti number. Yau's solution |30| to the Calabi Conjecture 
provides a unique Ricci-flat Kahler metric in each Kahler class of a Calabi-Yau 
manifold. Motivated by mirror symmetry and the SYZ conjecture [23|, Gross and 
Wilson [TT] initiated the study of the limiting behavior of Yau's Ricci-flat metrics 
in a large complex structure limit. They considered a general K3 surface that 
QQ ' is a hyper-Kahler rotation of an elliptic K3 surface with 24 singular fibers, and 

0> I showed that its Ricci-flat metrics converge (collapse) to a metric on the base S*^ 

Cn ' with singularities on the discriminant locus of 24 points. Later, several other papers 

Cn ! (cf- [291 EH [m [261 [To]) studied the same question. 

^D ' In this paper, we will study the Hermitian- Yang-Mills (HYM for brevity) version 

^N I of the above question. Let F be a slope stable holomorphic vector bundle over a 

compact Kahler manifold X with a Kahler metric (form) u. By a theorem of 

Donaldson [2] and Uhlenbeck-Yau [27], V admits an irreducible HYM metric H, 

k> ' which is unique up to multiplicative constant. Suppose X is a Calabi-Yau manifold 

'j_j I with a family of Kahler metrics w^ approaching a large Kahler metric limit, and 

C^ ' suppose V is slope stable with each We, then we obtain a family of HYM metrics 

Question. What is the limiting behavior of H^, after normalization, when uj^ goes 
to a large Kahler metric limit? 

The Kahler manifold X we consider here is a product T x B oi two copies of the 
complex one-torus C/F, where F = Tj + iZ. In this case, a family of product metrics 
We, which are flat and have areas e and e^^ on T and B respectively, approaches a 
large Kahlcr metric limit when e — > (cf. [16]). 

The holomorphic vector bundle V over X is constructed as follows (cf. [S] [4]). 
Let T* be the dual of T and let X* ~T* x B. The product X* Xb X is a. smooth 
complex threefold. Let F be a compact (complex) curve of X* so that the induced 
projection ip : Y ^ B is a, two-sheet branched cover. Let 

l-.YxbX — >X*XbX, pi-.YxbX — > Y, P2:YxbX — >X 
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be the canonical inclusion and projections. Let V be the Poincare line bundle on 
X* Xb X. Then for any degree zero line bundle J-" over Y, we can form a line 
bundle M ~ Ky ® 'P*Kq ® J- over Y and a rank two vector bundle over X 

V = p2.[i*V®p\N). 

Its first Chern class vanishes. Moreover, by an adiabatic argument (cf. [3]), V 
is We-slope stable for small e. Therefore there exists a family of irreducible HYM 
metrics Hi,^ on V with respect to uj^. Because ci{V) = 0, the associate curvatures 
0(i?i_c) satisfy 

(1.1) Ae(i7, .) ^ ^^^^1^ = 0. 

The purpose of this paper is to investigate the above question for Hi,, when 
e — > 0. We construct in section 5 explicitly a family of Hcrmitian metrics iJo,c on 
V. Equation (jl.ip leads us first to establish 

Proposition 1. For any positive integer I, there is a constant C ~ C{1) depending 
only on I and an open cover of X such that for sufficiently small e > 0, the associated 
curvatures Q(Ht)_f) of Hog satisfy 

\\ AQ{Ho,,) \\co< CeK 

We then normalize iJi ,= with respect to iJo,e and compare them. The main result 
of this paper is 

Theorem 2. For any non-negative integer k and positive integer I, there is a 
constant C = C{k, I) depending on k, I and an open cover of X such that for 
sufficiently small e > 0, 

II (iJo,.)"'-ffi,e"Id||c'=<Ce'. 

Here Ae(i?o,e) and (iJo,e)~^i?i,e are in End(F) (cf. [H p.4]), where there is no 
natural C*''-norm. We use iJo,£ to define a C'^-norm. That is, for a local trivializa- 
tion of V, we choose a unitary frame field relative to iJo.e and define a C'^-norm on 
End(F) to be the C'^-norm of the resulting matrix representations. The C'^-norm 
of a function is defined as in [51 p. 53] which does not depend on e. Hence, the 
metrics i?i.e and ifo,e are close in C'' to arbitrary order in e. 

We will prove the above results in the last two sections (see Proposition [10] and 
Theorem [T5)) . The key step to construct i?o,€ is to construct a family of HYM 
metrics on V over the product of a neighborhood of a branched point in B and the 
fiber T. In section 3, we construct such metrics p.Sp and hence derive a PDE (|4.ip 
depending on e. This equation has a unique smooth solution and also a singular 
solution |lnr. Moreover, according to Gidas-Ni-Nirenberg's theorem in [7|, it can 
be reduced to an ODE (|4.3p on the interval [0, 2ro], which is a singular perturbed 
equation, the small parameter is e. We estimate C'^-norm of the difference between 
the smooth solution and the singular solution on the interval [tq, 2ro] in section 4. 
We find that they are close in C'^ to arbitrary order in e. In section 5, we first use 
the Green function of a degree zero divisor on B to construct a HYM metric on 
V^ which is singular on V over the fiber of every branched point. However, this 
singular metric is essentially the same as the metrics p.8|) when the PDE (|4.ip 
takes the singular solution. Hence, we can glue this metric to the local smooth 
HYM metrics p.Sp . The resulting metrics can be normalized conformally to obtain 
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a family of Hermitian metrics i/o,e so that Tr A8(i/o,e) = 0. This guarantees that 
det{{HQ,e)^^ Hi,e) is a constant. Hence, ifi,e can be normahzed so that this constant 
is 1. 

We beheve that our method can be apphed to the case of the ehiptic K3 surface 
over P"'^ with a section if we can know its large Kahler metric limit more. Thus, 
we believe that it may have many important applications to mirror symmetry (cf. 
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2. A LOCALIZATION OF V 

In this section, we shall set up the notations that will be followed in this paper. 
Let r = Z -I- iZ and F* be the dual of T. Let T and B be two copies of the complex 
one-torus C/F and let X = T x B. Let T* = C*/F* be the dual of T and let 
X* = T* X B. Set z = xi + ix2, w = yi+ ij/2 and w* = yl + ij/j to be the complex 
coordinates oi B, T and T* respectively. We endow X with a family of Kahler 
metrics depending on e: 

(2.1) Wc — edyi A rfj/2 + £^^dxi A dx2- 

By viewing F as the transformation group of C and viewing F* as the transfor- 
mation group of C*, C* X C becomes the universal cover of T* x T with the deck 
transformation group F* x F: 

QiX',x){w*,w) = {w* + X*,w + X). 

Hence 

(c* X c X B)/{r* xr) = x* xb X. 

We recall the construction of the Poincare line bundle. Start with the trivial 
line bundle V over C* x T with the standard flat connection along C*, and with 
connection which connection form along T at {w*} x T is 

(2.2) 6 = —Tri{w*dw + w*dw). 

Then we can lift the F* action on C* to V, if we denote by £(„,•_„,) its constant one 
global section, 

Q*x*£(w'+\*,w) = exp(-7ri(A*uJ+ A*u;))e(i„._^). 

Thus, V can be reduced to a line bundle V over T* x T, which is called the Poincare 
line bundle. Moreover, the curvature associated to 6 is 

(2.3) G^ -Tri{dw* AdW + dAiF Adw), 
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which is a (1, l)-form. This makes V a holomorphic hne bundle with holomorphic 
frame 

(2.4) e(^._^) =exp(7riw*w)£(^._„); 
it transforms under F* x F via 

0(o,A)^(«>-,«>+A) = exp(7riw*A)e(^._^), 

(2.5) ' 

Ql\'flf(w+x\w) = cxp(-7rzA*w;)e(^.,„). 

V can be viewed as a line bundle over X* x^ ^ by pulling back. By (|2.3p . we have 

(2.6) ci{r)^ ^ ^--{dw* SdJw^dW Adw). 

2m 2 

As in section 1, we take a (complex) curve Y in X* such that the restricted map 
of y to i? is a 2 : 1 branched cover. Such a curve can be constructed as follows. 
Pick a curve Iq C P^ x P^ of class 

[Ox pi] +d[pi X 0]. 

This can be constructed as the graph of a degree d polynomial C — > C Fix a 2 : 1 
branched cover T* -^ P^ and _B ^- P^. We define a curve Y C X* be the prc-image 
of Yq under the natural map X* ^- P^ x P^ Then Lp -.Y ^ B is 0.2 : 1 branched 
cover and the degree of g : F — > T* is 2d. 

Then as in section 1, we can use Y and V to construct the rank two vector 
bundle V over X. From section 7 of [J, we can see that 

Ci[V)=P2.{i*Ci{V)), 
^^■^^ C2{V) = ]^{p,^{i*C,{V))f - ip2.(t*ci(P)2), 

and ci(V) ~ 0. (Equation ()2.7p can also be derived by curvatures in section 5.) 
Moreover, by (|2.6p . we have 

C2{V)={l-Y / P2*idw* A dW A dw A dw) 
X ^ Jx 



= - / q* {dw* A dAi)*) 
= 1- / dw* A dnf 

2 J[q.{Y)] 



= deg((j). 
Next we should simplify V . Let 



D^=Y.^a 



o=l 



be the branched locus on B. By the Riemann-Hurwitz formula, the genus g{Y) of 
Y is bigger than 1 and n = 2((7(F) — 1). Since the degree of Ky is 2(g(y) — l) and 
the degree of Kb is 0, 

Aeg{Kl!' ® v*K-"') = g{Y) - 1 = |. 
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For simplicity, we assume that g(Y) is odd and hence 4|n. Then pick a divisor on 
B 

4" 
j=n+l 

that is disjoint from the branched locus Dq. Hence 

dcg{ip*{OB{D))) ^2dcg{OB{D)) = -. 

Therefore, A^ in the first section can be taken as (p*{Ob{D)) ®F' for a degree zero 
line bundle J"'. Without loss of generality, we assume that F' is trivial. Otherwise, 
we can tensor a flat metric on T' with the constructed Hermitian metrics on V in 
section 5. Thus, 

V^P2.{C) for C = i*V®{<pop^Y{OB{D)). 

For our purpose, wc will give a local trivialization of this vector bundle. We 
denote by (Ib the distance on B induced from the Euclidean metric on C Hence, 
dB does not depend on e. We pick a small ro > so that the discs 

Ua = {z^B\ dB{z,£,a) < 2ro} C B, a = 1, • • • , 5ri/4, 

arc disjoint. For such an a, we pick an analytic chart z^ of £/„ so that Za{^a) = 0. 
In the following, for convenience, we will denote a = 0, 1, • • • , 5ri/4; a = 1, • • • n; 
and j = n + 1,- ■ ■ , 5n/A. 

We first localize C. Denote Uq = B\ D. Then {U^, f/n+i, • • • , t/s^} is an open 
cover of B. We can give a local holomorphic frame eo of Ob{D) |[/o and Cj of 
OBiD) \u^ such that over Uj n U^, 

Denote by iij the pre- image of Uj and by U!q oHIq inY xb X under the map ipopi. 
Then 

C'j{w*{z.j),w,Zj) = eiw*izj),w)®ej{z.j) 
forms a local holomorphic frame of C |n and 

iyo{w*{zj),w,Zj) = e{w*{zj),w) (g) eo{zj) 
of C Ij^o . They satisfy, over iij n ilJ], 

(2.8) h'j{w*{zj),w,Zj) = z^^i}o{w*{zj),w,Zj). 

They also transform under F via the first formula in (j2.5p . 

Now we can localize V over X. We take Uq = B\{DoU Di). Then C/o, Ua, Uj 
also form an open cover of B and their pre-images Uo,UaMj in X form an open 
cover of X. We have a local holomorphic frame of V over Uq 

(2.9) jl^{w,z) =p2*i>o{wl{z),w,z), fl^{w,z) ^p2*i>Q{w2iz),w,z). 

Here wl{z) and w2(z) arc the two local sections oi (p : Y —^ B when restricted to 
Uq. We caution that the two sections w^ and Wj only exist locally. But this will 
not confuse us to construct the Hermitian metrics in section 5. On the other hand, 
under our assumption, we can assume that wj(zj) and W2{zj) are well-defined on 
Uj . Hence we have a local holomorphic frame of V over Uj 

(2.10) P'{{w,Zj) =P2*C'j{wl{Zj),W,Zj), lli{w,Zj) ^P2*i>j{w2{z.j),W,Zj). 
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Combining ()2.9|) and (|2.10p with ()2.8p gives the relations over Uq n Uj 

(2.11) Ai = ^7V"i?, ^'2 = ^7^2- 

We next look at Ua- Since (^ : y — > S is the two-to-one branched cover ramified 
at ^a, we choose w* so that over C/q the curve Y C X* is given by {wD^ = Za- 
Hence the direction image sheaf (f^Oylua is a free O;/^ -module generated by 1 and 
w*. For y|t/„, following p.9p we can pick wl{za) = y^ and ^2(2:0) = —\fz^^ and 
set 



(2.12) ^J^_L(^o^^O)^ /i^^^(^o_~0)^ 

The sections /i° and /ij arc well-defined holomorphic sections of V\uc, independent of 
the choice of single-valued branch of y^; also the two sections /i° and \X2 generate 
the holomorphic bundle V\u^ ■ Thus we can and shall set them to be a holomorphic 
frame of V\ua- Iii other words, (|2.12p gives the transition functions over Uq n Ua 
between the frames (^11^2) ^"^^ (Mi; A^)- 

Similarly, we can also use e{yj*yj-) to define a smooth frame (/},", /ij) of y\ua- 
They also satisfy the relations 

(2.13) Ai = z^V?, A2 = ^7^2, over Uj^Uq; 



(2.14) /i° = -L(/tO + A°), /i^ = ^(A?-A2), overZ^^nZ^o. 
Finally, by (|2.4p . the local holomorphic frames are related to the smooth frames: 

(2.15) (M?,A?) = (A?,A2Ma, 



where 



(2.16) A, 



a = 0,j; 



cxp(7riw*(2;)w) 

exp(7riw2(2:)u;) 

cosh(7riy^u') •yzsinh(7riY^w) 
I -7J sinh(7ri-yzI(J) cosh(7ri-y/iw) 

3. The system of HYM connections 

In this section we first recall some definitions and notations on connections in 
Hermitian vector bundles as in Chapter 1 of [T^ • (Hence our notations here differs 
from [9].) Let E' be a rank r complex vector bundle over a Kahler manifold (M, w). 
Let Z) be a connection in E. Let su = (si, • • • , Sr) be a local frame of E over an 
open set U C M. Then we can write 

The matrix 1-form Ojj = [OD is called the connection form of D with respect to su. 
The curvature form Qjj of D relative to su is defined by 

If s'u = (s']^, • • • , s'j.) is another local frame over [/, which is related to su by 
(3.1) Su = s'jjAu, 
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where Au : U — > GL{r,C) is a matrix-valued function on U. Let 9[j ~ {6J) and 
Q'jj be the connection and curvature form of D relative to s'jj . Then 

(3.2) eu = A^^e'uAu + A^^dAu, 
and 

(3.3) Qu^A-'e'^Au. 
Let _ff be a Hermitian metric on E. We set 

h,j ^ H{s,,Sj) 

and Hif = (hij). Hjj is a positive definite Hermitian matrix at every point of U. 
Under a change of frame given by (j3.ip , we have 

(3.4) Hu ^ [AufH'jjAu. 

Here [AjjY is denoted as the transpose of Aij. 

Now if i? is a holomorphic vector bundle and H is a. Hermitian metric on E, then 
there exists a canonical connection Du, which is called the Hermitian connection, 
defined as follows. Let su — [si^- ■ ■ , s^) be a local holomorphic frame on U and Hjj 
be the Hermitian matrix for H with respect to sjj. Then the Hermitian connection 
with respect to sjj is determined by 

(3.5) {OuY = dHuH^^ 
and its curvature form is 

(3.6) e* = d{dHuH^/), 

which is a matrix (l,l)-form. Hence according to p.3p . the curvature form Q' of 
the Hermitian connection with respect to any frame s'u is also a matrix (1, l)-form. 
We define 

3.7 AG' = ^-^^ , 

where m = dime M . If ci(V^) = 0, then H is called a HYM metric if and only if 

AG' = 0. 

In the following we shall derive the system of HYM connections of V over Ua for 
1 < a < n. Since V\ii^ are essentially the same, we shall workout one of them in 
detail. For convenience, we shall drop the super(sub)-script a. 

We endow V\u with a class of metrics. Let Uf : [/ ^- M be a real function and set 

(3-8) '^^=( e^= 

Since Me does not depend on the variable w, h^ gives a Hermitian metric h^ so that 
it is the Hermitian matrix for h^ in (/ii,/i2). Thus, by <\2>A\i and (|2.15p . 

(3.9) K = A^heA 

gives the Hermitian matrix for h^ in (/ii,/i2), which depends on w. Hence the 
Hermitian connection also depends on w (see below). 

We let Dh, be the Hermitian connection on (F|tY,/ie); let 9^ and 0^ be the 
connection forms oi D^^ with respect to (/ii,/i2) and {fii,fi2)- Then, by p.Sp . 

(3.10) ikY ^ dk ■ k' 
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and, by (|3.2p . 0^ is related to Oe as 

(3.11) e, = Ae^A-^ -dAA-^. 

Inserting p.9p into p.lOp and inserting the resulting equation into (|3.1ip . we have 



Therefore the associated curvature form is 

1 \ d'^u^ , 

dz /\ dz + other terms, 



— 1 y dzdz 
and thus, by definition p.7p with m ~ 2 and cj = Wg in (|2.ip . 



i9zi9z / V '-' ^-'^ 

Based on this, we see that /i^ becomes HYM if Wg satisfies the equation: 

(3.12) ^ = 7t\~' (exp(2«,)- I z p exp(-2zi,)) . 

4. Reduction to ODE 
In this section, we shall study the solution to the Dirichlet problem: 

( Au = 47r2e"2 (cxp(2w) - r^ exp(-2M)) in ^2^0(0), 
(4.1) <^ 

[ w=iln(2ro) on dB2ro{0), 

where x = (a;i,X2) is the standard coordinate of i?2ro(0), r'^ = xf + x\ and A — 

Theorem 3. Equation \^.V^ has a unique smooth and radially symmetric solution 
Ue that satisfies the following estimates: 

(1) let Vg{r) = Uc(r) — ^Inr, r G [ro,2ro], then for any positive integer I and k so 
that I > k > 0, there is a constant C = C(ro, I, k) such that for any < e < 1/8, 

\\ vi'^Hr) \\coar,,2r,])< Ce'-\ 

Here Ve (r) is the k-th derivative of v^ in r; and 

(2) for any integer fc > and any Rq < 2ro, there exists a constant C ~ C(ro, R, k) 
such that for any < e < 1/8, 

liMe|lc'^-(i3«(o))<C:e"^"'- 

Proof. After substituting u for 2u — ln(2ro); xi for ^, X2 for ^, r^ for ^, and 
_ 3 
for 77^?'o ^ , equation (|4.ip becomes 

Am = e~^ (cxpw— r^ exp(— u)) in -Bi(O), 
(4.2) 

u =0 on 5Si(0). 
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The theorem then follows from Proposition IH Lemma [7] and Proposition [9] below. 

D 

Proposition 4. Equation \4-'^ has a a unique smooth and radially symmetric 
solution Ui that satisfies -gfHn > for < r < 1 . 

Proof. Because for each x = (xi,a;2) the function e~^ (expu — r^ exp(— w)) is a 
monotone increasing function of u, according to [21| the boundary value problem 
(j4.2[) is uniquely solvable. 

To prove the second part, we first use the maximum principle to prove that the so- 
lution Ue to (|4.2|) is negative. Let xo G -Bi(O) be such that u^{xo) = max^^jj ^qn Ue. 
In case Me(xo) > and Xo 4- dBo, we have exp2Me(a;o) — |a;op > 0, and that there 
is a neighborhood fl C -Bi(O) of xq such that exp2ue(a;) — jxp > in 17. Therefore 

Aue = e^ fexpug — r exp(— u^)) > 0, x E fl. 

Applying the strong maximum principle, we know that the maximum of Ue on fl 
can be achieved only on dQ, contradicting to that xq is a local maximum of Ue- 
This proves that Ug < in Bi{0). After this, we can apply Corollary 1 of [71 p. 227] 
to conclude that Ug is radially symmetric and ^w^ > for all < r < 1. D 

Because of this, we can reduce (|4.2p to an ODE: 

(4.3) u"{r) + r~^u'{r) = e~^ (expu(r) - r^ exp(-u(r))) . 

Our next goal is to show that the solution Ue{r) is close to Inr for r g [5,1] when 
e — >■ 0. We shall set Veir) = ^^(r) — Inr and estimate || v^ (r) llpo/ri ^y Clearly, 
Wc(l) = and linir-i-o We(r) ~ +cx). 

Lemma 5. When Q <r <l,v^{r) satisfies 

TJe(r) > 0, v'^ir) < 0, tJ"(r) > and v'^'{r) < 0. 
Proof. By (|4.3p . We(r) satisfies 

(4.4) tJ"(r) -t-r"^w^(r) = 2e"^rsinhtJ<.(r). 

We first use the maximum principle to prove v^{r) > 0. If it is not, let tq be 
the first point in (0,1) such that We(ro) = minrg(o_i) t;e(r) < 0. Hence v'^{ro) = 0, 
^^"(''o) ^ 0- Therefore (|4.4p implies iJe(ro) = 0. Then we can assume that there 
exists a ri S (''o, 1) such that tJe(ri) = inaiir£{ro,i)Ve{r) > 0. Thus, v'^{ri) = 0, 
w"(ri) < 0. This contradicts to (|4.4p . Hence Ve{r) > for all < r < 1. 

Now applying Theorem 3 in [7] to equation (|4.4p gives w^(r) < for r e [|, 1). 
We claim that this inequality holds for all r £ (0,1). Otherwise, there exists a 
r2 G (0, ^) such that v'^{r2) = and v'^{r) < for any r > r2. Hence, w"(r2) < 
and therefore (|4.4p implies sinhtj£(r2) < or We(r2) < 0. It is a contradiction. 

The inequality for the second derivative follows directly from (|4.4p . Differenti- 
ating (j4.4p with respect to r and using (|4.4p again, we have 

(4.5) v'^'ir) = 2 (r-2 -f e-Vcoshw,(r)) W^(r). 

Hence tJ"'(r) < follows. D 

For t e (0, 1], we set 

M,(t) = I ™^^^e[t,i] l^e (r)!, for i = 0,1,2; 

\ maxj.g[ji] I sinht;e(r)|, for i = 3. 
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Furthermore, Mi{t) is strictly decreasing in i e (0, 1); and Aio(i) < M^{t). 
We need the inequaUty 

(4.6) M3(l/4) < 2«e2. 

Rewrite (|0)) : 

{ru[{r))' = 2e~^r^sinhUe(r); 
and integrate over [0, 1]: 

?I^_(1) = / {rv'^ir))' dr = / 2e~ r sinhtJe(7')dr. 
Jo Jo 

On the other hand, Lemma [5] imphes 

, , -. , Uf(r) — Uf(l) , Inr — Inl 
ul_ 1 = lim ^^-^^ ^^ < Hm = 1. 

r^l-O 7' — 1 r-i-l-O r — 1 

Hence, 

(4.7) / r^s.i-ahv^{r)dr <€^/2. 

Jo 

As sinhTJ£(r) is strictly decreasing, 

(1/8)2 sinhzJe(l/4) < r2sinhtJe(r) for r G [1/8, 1/4]. 

Integrating over [1/8, 1/4] and using (|4.7p . we obtain 

(l/8)^sinhwe(l/4) <e^/2. 

This proves (|4J)) . 

We need more estimates on Mi{t). 

Lemma 6. For any t,t' e [1/4, 1/2] and for any < e < 1/8, we have 

(2) Mi(i) < fM3(i),- and 

(3) M3(V) < ^^e^Mi{t), for t' > t. 

Proof. The first follows directly from (|4.4p and Lemma [5] We now prove (2). For 
1/4 < t < 1/2 and < e < 1/8, the Taylor expansion of v^{r) at r = t is 

v^{t + e) = v,{t) +v',{t)e + v'^{t + 7je)e^ /2, < ?? < 1. 

Then, by Lemma O we estimate 

> v'^{t)e = v^t + e) - v,{t) ~ v'^{t + r?e)eV2 > -v,{t) ~ v'M^ 12. 

Hence, 

Mi(i) < e-iAfo(i) + (e/2)M2(i) < t-^Kh{t) + (e/2)Af2(i). 
Substituting (1) into the above inequality, we obtain 

A/i(t) < e-iM3(i) +ie~'M3(t) + (e/2)afi(i), 
and therefore, 

^'^i(*) < iTT^ir^'^sii) < 7A/3(i). 

^V-*^ 2t> ^ 

This proves (2). 

For (3), we can rewrite (|4.4p as 

(™'e(r))' = 2e^2r2sinhwe(r). 
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Integrating over [t, 1] and using Lemma [5l we get 



(4.8) 2e-2 / r^ smhv,{r)dr = %_(1) - tv[{t) < t\v,{t)\ = tMi{t). 



On the other hand, as in the proof of inequahty (|4.6p , we have 

2e~ / r sinh Ue(r)(ir > 2e~ / r smhv^{r)dr 
l^-^j Jt Jt 

> 2€~^f{t' ~ t) sinhw,(t') > 2e''^t^{t' - t)Ah{t'). 

Combining (|48l) with (|49| gives (3). D 

We are ready to prove 

Lemma 7. For any positive integer I and non-negative integer k so that I > k > 0, 
there exists a constant C ~ C{1, k) such that for < e < 1/8, 

II^P'WllcO([i,l])<C6'-'=- 

Proof. According to our definitions, || vl (r) H^oqi !]•)= Affc(i) for k = 0,1,2. We 
first look at the case for k ~ 0. By Lemma [6l we have 

Msit') < -2—eM^it), for t' > t. 



Then by the iterated method and by (|4.6p . we get 



Hence 



2 I J ~ \2 l-l^ 

< (2^y-^l{l - 1)2 ... 3^ • 2e^-^M3 (1/4) 

< 2^'+\ll)H~h' . 

Mo (1/2) < A/3 (1/2) < A/3 Q • ^—^) < 2^'+\l\)H-'eK 

This proves the case for A: = 0. 

The case for fc = 1 follows from Lemma H) 

Ml (1/2) < A/i Q . ^) < ^A/3 Q • ^) < 2^'+\l\)H-\'-\ 

The case for fc = 2 follows from the first two cases and Lemma [5] 

For the case fc > 3, taking the derivatives to two sides of (|4.5I) and using the 
inductive method gives the result. D 

Now we estimate || u^ \\c*'.^(Bi(id)), which will be used in the last section. In this 
time, for brevity set 

F{ue,r) = e^2(expue — r^ exp(— Ug)). 

We denote by Fi and F2 the derivatives of F in the first variable and the second 
variable respectively; we also have the notations Fu, F12, F22 and so on. For 
example, 

Fi = e~ (expue +r exp(— Uc)), F2 = — 2re~ exp(— Ue); 

Fii = F, F12 = -F2, F22 = -2e-2 exp(-u,) = r-i/^2; 
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and 

F221 = —F22, F222 = 0. 

Lemma 8. For any < r < 1, 

(1) < F < ^, < Fi < ^, -^ <F2< 0; and 

(2) II u, \\co< h' II K \\c°< h' II "" llco< J^- 
Proof. By Proposition |4] and LcmnialSl 

(4.10) Inr < Uf{r) < and < u'^{r) < r"^ 

Hence the first two items in (1) are valid. The third item in (1) is from the derivative 
of F2 in r 

F^ = -2e"2(l - r<(r))exp(-u,) < 0. 

As to the items in (2), we consider the inequahty 

< (rM^(r))' = rF < re^^. 
Integration by parts gives 

(4.11) 0<u^(r) < (r/2)e-2. 

Combined with the second inequahty in (|4.10p . we see that when r > e, < u^(r) < 
i and when r < e, <u[{r) < ^. Hence, we get the second inequahty in (2). The 
first item in (2) is from 

< -M,(0) = Ue(l) - Ue(0) = / u',{r)dr < (2e)~^ 

Jq 

Now by (14.31) . the third inequahty in (2) is direct from the first inequahty in (1) 
and gini). D 

Proposition 9. For any ball B}i{0) C Si(0) and any non-negative integer k, there 
exists a constant C = C{R, k) such that for any positive e small enough, 

II ^^ \\c''{Br{o})< Ce . 

Proof. We need to prove that for any A: > 3, 

(4-12) II v'". \\LHBn.m< Ce-K 

We assume that u^ has the compact support in i?i(0) and Br{0) — -Bi(O); otherwise 
one can use cut-off functions. The estimates for fc = 3,4 are obvious and we omit 
the proof. We first estimate || V^'^e IIl2(Bi(o))- 
By a direct calculation, we have 

A^u, = AF = F{Fi + u'^) + 2^22(1 - ru',) 
and 

I V A%,|2 -|(Fi< + F2){Fi + uf ) + F{Fu[ + F12 + 2«) 
- 2^2211^1 -ru[)~ 2rFF22\^. 
Then the above lemma implies 

I V A^u.p < Ce-^" + Ce-^ exp{-2u,) 
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for a generic constant C. But integration by parts and the above lemma yields 

/ cxp{'~2Uf:)dxidx2 — 2tt / rcxp(— 2ue)dr 

Jbi{o) Jo 

^Tir"^ cxp(-2Me)|J + 277 T^ exp{~2'u^)u[dr <n + Ce"^ 

"'0 



Thus, 



'5- "2 ^<_/' uA^'u^j |vA2lz,|2<Ce-i". 

JBi(0) Jbx{0) 



V Ue ||l2(b^(o)): 



In this way, we can prove (|4.12p for any fc > 6. The only trouble is to esti- 
mate /p rexp(— 2pue)dr for any positive integer p. But this can be done by using 
integration by parts m times. 

Combined with Lemma ([8]), we get 

II w, |lM'-fc.2(Bj(o))< Ce" . 
The sobolcv inequality [8, P.171] then gives, for any < (5 < 1 
(4.13) 11^. llc'^.^(B.(o))<Ce-('^-+2). 

This prove the proposition. D 

5. Construction of a family of Hermitian metrics 

In this section, if iJ is a Hermitian metric on V ^ we will denote by Dh the 
associated Hermitian connection, by Q{H) and &{H) the curvature forms of Dh 
relative to the smooth frames (A?i A2) ^^^ the holomorphic frames (/i",/!^). 

Following the convention in section 2, ^a is a branched point on B and ^j is a 
point in the support of D. Let 

be a new divisor on B which degree is zero. Let G be the Green function of D [161 
p. 339-340] whose local expansion near ^„ for I < a < 5n/4 has the form 

G{Za) = -Ca log \z\ + 2ga{Za) 

for the constant Ca = 1 or Cj = —4 and some harmonic function g^. We assume 
that ro is small enough so that G\uc, has the above local expansion. 

We now construct a Hermitian metric on V using the Green function G and the 
HYM metric /i" , which is denoted as h^ in section 3. Over U^, we define h^ to be 
the metric given by the Hermitian matrix valued function for (/ti,/i2) 

where / is the 2x2 identity matrix. Thus, the ambiguity of choosing {jjl\,jjl^) in 
section 2 is irrelevant. By p.4p and the notation in (|2.15|) . the Hermitian matrix 
for Hq in (/i?,/i2) is 

ho = {Aofho'Ao. 
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Since G is harmonic, direct calculation as in section 3 gives 
yo.i) , _ '^ i 

I dw*(z) g \ 

+ TTZ 8^ „— ;r, , ] dw Adz. 

Hence, ho is a HYM metric on V\n„. For n + 1 < j < 5n/4. because of (|2.13l) . the 
metric /iq under (/ij, /ij) over Uj D Uq is given by the matrix valued function 

h^ =eS^I. 

In this way Hq extends to a smooth metric over Uj. But over UaS, because of p.l4|) . 
the metric ho under (/ii,/i2) has the form 

'.\-i 

|Z|5 

Clearly, ho does not extend to the point ^a- However, in section 3 we have found a 
new HYM metric ft." of V\k^ that under the frame (/z°,/},2) has the form 

' ' e"' 



of which Me is the solution to the equation (|4.ip . We let /la^c = e^^/i"; then /la^e is 
also a HYM metric on V\u^. 

What we shall do is to interpolate the two metrics ho and ha,e over Ua. We let 

p:(0,(2ro)2)^[0,l] 

be a fixed C°° cut-off function with p(r^) = 1 for r < tq, p(?''^) = for r > |ro. 
We then define 

K\u^^il-p{\z\^))ho+p{\z\^)ha,e. 

It is a smooth Hermitian metric on Vlu^ that coincides with ho for | z |> g^o 
and coincides with ha^e for | z \< rg. After working this out for all branched 
points, we obtain a global Hermitian metric hg that is ho on V\x-u"u (^r ) ^^'^ 
ha^e on V\jj^(^ro)- Here we denote by Ua{r) the pre-image in X of Ua{r), which is 
the disc in B with center ^a and radius r. From now on we denote Uo ^ B — (^D U 
(U"^]^C/a(|ro))), Uo ~ Uo X T^, and take the corresponding trivialization of V. 
Hence, over Uo and Uj, 6(he) = 0(/io). Over Z-/a, direct calculation gives 

e(h,) =7r2(|zpexp(<?!)i - ^2) - cxp(02 - ^i)) fg __^j dwAdw 
(5.2) -(^^^ a!^lrf^Ad^-^zl a(^^ ^a. jdzAdw 

■( exp((/.2-(/.i)^%5^^\ ^ ^ 



where 



exp(^i-02)(l + z^^^^) 
1 = ln((l — p)r^2 ^ pexp(— Ue)) and (/)2 = ln((l — /9)r 2 + pexpug). 
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Notice that near the boundary of Ua the functions (f)i and (f)2 reduces to — ^ hi r 
and 2 In r, and their sum 0i + 02 vanishes. Hence we can extend (/)i + (/)2 to ah X 
by assigning zero to it away from all Ua- This point will be used in the following 
normalization. 

Now, over X — UiUa, by ()5.1|) and the notations in section 2, we have 

(5.3) Tr0(he) = -mp2*{dw* A dw + dJuF A dw) 
and 

(5.4) Tr(e(h,)Ae(he)) = -2T:'^p2*{dw* A (MF A dw A dw). 
Over Wa for 1 < a < n, by (|5.2|) . we have 

(5.5) Tr(e(he)) = -aa(0i + (/)2) 

and 

Tr(e(h,) A e(h,)) = -2TT^—^dz AdzAdwA dw, 
^ ' azaz 

where tp =\ z\'^ exp(0i — (f>2) + exp(02 — 4>i). Moreover, when tq — > 0, 

(5.6) ( Tr(e(h,) A e(h,)) = Stt^ /" {ip"{r) + -ip'{r))rdrde ^ IQ-n'^rQ ^ Q. 

Combining (fSTH)) with ((g3|) and combining (|0)) with ^^, we get (g^l) by ^I^. 
We need to modify the metric hg conformally. From (|5.2I) we have 

Tr(Ae(h.)) = _,^!(|l + M. 

To make it vanish, we will normalize he conformally by the factor exp(— 2 ((/iii + ^2)): 

Ho.e = exp(--((?!)i + 02)) • he. 
Consequently, 

(5.7) Tr(Ae(iIo,e)) = 0. 

Moreover, by our construction, A8(ifo.e) = over Z^qj ^j a-nd l4a{ro)', and 

1 



(5.8) Ae(Fo,e)=V'> _i 
over Z-/a \ hia{ro) for the function 

(5.9) V = \^W z P exp(0i - 02) - cxp(02 - 00) - l^^gi^- 

On the other hand, by the first part of Theorem [3l the function ^ satisfies, for any 
Z and < e < 1/8, 

(5.10) ||V||co([.o.2.o])<C(^ro)e'-i. 
Therefore we have the following desired estimates immediately 

(5.11) II Ae(Ho,e)||co(t/„)<C(/,ro)e'-i. 

If we use {jj,f,fl2), since by p.3p 9(iJo,c) = ^Q^0(-f^o,e)^Q and A^ is fixed which 
does not depend on e, we also have, 

(5.12) \\Ae{Ho,e)\\coiu^)<C{l,ro)e'-\ 
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Finally, by our construction, (/i", /tj ) is orthogonal for ifo.c- It can be normalized 
to a unitary frame (/i", ^,2)'- 

(5.13) (A?,M?) = (A?,A2)^^a 

where 

ei'^I, when a ~ 0, 

e^^"/, when a ~ j, 

_ when a = a; 

(J K / 



(5.14) 7V„ 



where 

(5.15) ^ ,((l-pKU^^-hi 

^{{l- p)r-2 +pe-^')J 

Combining (|5.13p with (|2.15p . we have 

(5.16) (/i?,/i^) = (/i?,M2)^c., B^^N^A^. 

If we denote by 8(i/o,e) the curvature form of Dho ^ relative to (/i", /ij ), then 
gives 

(5.17) e(Fo,,) = nMho.,)n-\ 

Hence, Na and A8(iJo,£) being diagonal makes 

(5.18) Ae(i/o,e) = Ae(Ho,e). 

Thus, by (|5.1ip . we get Proposition 1: 

Proposition 10. For any positive integer I, there is a constant C ~ C'{1, ro) such 
that for any < e < 1/8, 

||Ae(i/°)||co(i,„)<C6'-i. 

6. Limiting behavior of HYM metrics 

In this section, when we are working with a single frame, wc often drop the 
superscript and subscript a. 

Because V is stable, following the work of Donaldson [2] and of Uhlenbeck-Yau 
P7] . V admits a HYM metric Hi ^, which is unique up to scale, with respect to the 
Kahler metric uje- For this metric, denote by Hi,: and i?i,e the Hermitian matrices 
relative to (/ii,/i2) and {jxi,jl2)- We will compare Hi,^ with i?o,£- The method is 
to estimate || ffi^^ — / ||c"=(Wq)- 

As 7Ji_e and iJo,€ are Hermitian metrics on V , there exists an clement iJe e 
End(y) such that 

HoAHe-, •) = -H^i,e(-j •)■ 
i/e is denoted by (i/o,e)^^^i.c in section 1 (cf. [21 p.4]). Wc write iJe(/ii,/22) = 
{fli,fl2)He and i/c(/ii,/i2) = {p.i,fl2)He. Consequently, 

(6.1) iJi,e-(i?e)* and Hi^, = [H^y ■ Ho,e. 
We also have 

(6.2) TJi,, = B\H,YB, 



LIMITING BEHAVIOR OF A CLASS OF HER.MITIAN- YANG-MILLS METRICS 17 

which will be used in the estimates for higher order derivatives. By ()5.16|) . we prove 
this equality as follows: 

=Hn,c{H^[bkifik),bijjli) 

~bkibijHo^e{{Ht)mkfl'7n, i^l) 

=bkibij{He)ik- 

As Hi,^ is the HYM metric, by (|3.6|) and the second equality in (|6.ip . direct 
computation as in [371 P-S264] yields 

=KQ{H^,,) = Aa(aiJi,e • (^1,.)-')* 

- AHr' ■ BH, ■ H~' A (dHo,, ■ iHo^e)~'y ■ H, 

- AHr' ■ {dHo,, ■ {Ho^e)-y A BH,. 

Taking the trace of the above system and combining with Tr(A0(ifo,e)) = 0, which 
is equivalent to (|5.7p by p.3p . we have 

Alndet/fe =0. 

Hence detH^ = const. We normalize Hi,: such that detif^ = 1. 

We first do C'^-estimates. In order to control i?e, we should estimate TriJ^. 
From [H p.876], we have 

(6.4) ATri7, <TrF, |Ae(i7o,e)|, 

which is actually derived from (|6.3p . We need 

Lemma 11. There is a function /(e) depending only on e with /(e) > Ce^^, where 
C is a constant, such that for any function f on X , 

\\df\\i>mi\\f\\i-\\f\\i). 

Proof We shall follow the proof in [11]. First, we comment that the lemma is 
about the estimate of the Sobolev constants. To begin with, because X has volume 
one and dimension four, following the notation of [181 Lemma 2], for any arbitrary 
function / over X, 

\\df\\l>Di4)C2{\\f\\l-\\fp. 

By [IH], D{4) is an absolute constant, C2 = D{4)C^ , 2Ci > Cq > Ci, and Ci is 
the constant given by the isoperimetric inequality 

Ci(min{vol(Mi),vol(A/2)})^ < vol(iV)^ 

of which N runs through all codimcnsion one submanifolds dividing X into two 
components A/i and A/2. Because X is flat and diam(X) = V^/e, [1] Thm 13] 
implies 

/'diam(X) 

Ci > C4 I / r^dr 1 = Cse^o 




for constants C4 and C5 independent of e. Henceforth, Cq > Cge^^; and for /(e): 

/(e) = min{/:»(4), 1}C2 > Ce^°. 

D 
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Then we have 

Proposition 12. For any positive integer I, there is a constant C{l,ro) such that 
for anyO<e<^, 

TrH, <2 + C{l,ro)e'^. 
Proof. Let t = Tr H^, then from ((O)) and ((5l^ . we have 

At < Cie'^V, 
where Ci is a constant depending only on I and tq. Hence we have 

(6.5) / r^P-i A r < de'^^ / t^p for p>l. 

Jx Jx 

[ T^P-^AT = {2p-l)p-' f Ivr^P, 
Jx Jx 



Because 



then from (16.5 



(6.6) / |VTP|V(2p-l)-^Cie'-i / t'p. 

Jx Jx 

Combined with Lemma [TT] we obtain 

||r|||< (l+p2(2p-l)-iC72e'-") |lr|||< {l + C,e^-^^p) |lr|l| 
If we set p = 2™ , then 

||r||2„^.<(l + C3e'-"2'")^||r||2„^, . 
Iterating the incquahty, we obtain 



(6.7) ||r||L< ^(l + ^3£'""2")^||r||^ 

m=0 

It is easy to see that there is a constant C4 such that 

CXD 

(6.8) n (1 + C3e'-"2'")5^ < exp(C4e^). 

m=0 

It remains to estimate || r Hj. First we prove that there exists a point xq in 
X such that t{xq) = 2. Such a point Xq may depend on e. Otherwise T(a;) > 2 
for every a; in X since we have normalized i?i.e such that detiJ^ = 1. Hence two 
eigenvalues Ai(a;) and A2(a;) = Aj~ (x) are not equal for every x G X and define 
two smooth functions on X. Thus, there are only two different eigenvalues in Vx 
up to constant. Normalizing them forms two smooth sections of V. Therefore, 
1^ as a complex vector bundle splits into two trivial line bundles. Consequently, 
Ci{V) = C2{V) = 0, which contradicts to (|2?6| . 

Now we assume that t{xo) = 2. Because X is a flat torus, for any x £ X, x and 
Xq can be joined by a minimal geodesic 7(2;) (where x is not the cut point of xq, 
the geodesic is unique). Thus, we have 

t{x)<t{xo)+ f d^T<2+ f \\/t\. 

J-lix) Jl(x) 

Hence 

t^<A + a[ |vt| + (/ |Vr|)'<4 + 4/ | V t| + / | V rp. 



LIMITING BEHAVIOR OF A CLASS OF HER.MITIAN- YANG-MILLS METRICS 19 



Using (|6.6p for p = 1, then, 



llr||^= / r2<4 + 4 / / | V r| + / / | V r|^ 

JX Jx Jf{x) Jx Jjix) 

<4 + 4diam(X) f |vT|+diam(X) f | y rp 
Jx Jx 

<4+f.-||r|h+^.'-3||^||2 

<4 + Cre^ \\t\\1, 
and thus. 

(6.9) ||r||2< ±^. 

1 — 676 2 

Now from ^1}, (g^ and dHS]), we have 

1 - 676 2 



r ||oo< 2(1 + Cge^) < 2 + Cioe^ 



D 



Now we are in position to prove C°-estimates. 

Theorem 13. For any positive integer I, there is a constant C {I , rg) such that for 
any < e < 1/8, 

\\Hi.-I\\coiu^)<C{l,ro)e'^. 

Proof. By the first cquahty in (|6.ip . 

I Hi,, - / |2==| H,-I |2= Tr{H, - 7)2. 

On the other hand, detiJ^ = dct H, = 1 and Tr H, = Tr H,. Then, by the above 
proposition, direct calculation proves the theorem. D 

Next we estimate || i^i.j — / Wcf^aja) ^'^^ ^ — ^- ^^ -^i^e ~ (-^c)*: '^c only need to 
estimate || H, — I \\c''(Ua)- Our starting point is (|6.2p . By this equality, since Hi,, 
is the HYM metric, formula (|3.6p gives 

= AOiHi,,) ^ A{d{d{B'iH,YB){B'{H,YB)yy, 
which is equivalent to 

(6.10) H,B ■ K{d{d{B\H,YB){B\H,YB)yy ■ B-^ =Q. 

On the other hand, (|5.16p implies iyo,e ~ B*B. Hence formula (|3.6p also gives 

(6.11) Ae(Jfo,.) = kd{d{B' B){B' B)-^Y , 
or 

(6.12) B • Ad{d{B*B){B*B)-y ■ B-^H, = B ■ Ae(i7o,e) • B-^H,. 
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Subtracting (|6.12p from ()6.10|) . expanding the LHS of the resulting equation, and 
adapting suitably some terms, therefore we obtain 

= iKddU, - ikdUe ■ H, A dU^ 

- iAH, ■ d log B-H-^ A d-He 



iAdUe-H-^ ■ (dlog BY -H, 



3.13) 



iAd-He A a logs - i A{dlog BY A dn^ 
iAn,d{d\ogB) + iAd{d\ogB) ■ H^ 



- iKH,_ ■ d log B • ii, A {d log B)* • H, 



iAH, -Sj.-d log BA{d log BY ■ H, 



iA{d\og BY ■ Tie Ad log B 



+ iA{dlog BY A dlogB- -He 
+ iABQ{Ho^^)B-^H,. 

Here for brevity, we have introduced the notations T-L^ = H^ — /, i^^ = H^^ — /, 
and dXog B = dB-B-^. 
We introduce 

'/'x„ y^.e^e^'^m. for z = l,2 



^2,e — ^ ^i; 2/J,e — ^ Vi 



; ^; 



and 

(6.14) Ze = e"^/^z, We = e^/^w. 
Then p.ip can be rewritten as 

(6.15) We = dyi.e A (iy2,e + da^i.c A dx2.c- 

This is the Euclidean metric. Wc will use y^, A^ and C^ to denote the fc-th 
covariant derivatives, the Laplacian and the C'^-norm with respect to these new 
coordinates. 

The system (|6.13p can be rewritten as 



where 



Ii = 



h ^h + Io, 



dzfdzf dwfdwf ' 



-'1 =-;T^^e-:^ h -TT^tle 



dZe l9Ze 9Wc dw^: 

^^ mogB ^_,dn, ^ ^ d\ogB ^_^dH, 



dzf dwf ' dwe 



dHedlogB dHedlogB 
dZf dzf dWf dWf 



/ d\ogB \tdn, _ / dlogB \tdn, 

V dZe J dZf V dWf J dWe ' 



and 



LIMITING BEHAVIOR OF A CLASS OF HER.MITIAN- YANG-MILLS METRICS 21 



_ dHogB DHogB 

^0 — — iLe—^ 7TZ Tie-^ TT^— 

dHogB_ d^logB_ 

OZeOZe OWeOWe 



- d\ogB fd\ogB\t^ - dlogB /QlogSy - 
ozf V dZf / oWf V oWf / 



- dlogB /d\ogB\t- - dlogB /d\ogB\t- 
-HeSJe—^ — —^ — He - H,_Sje—— — —— — He 

OZf V dZf / OWe V OWe / 



/ dlogB \t. dlogB _ / dlogB \t dlogB 

V dze J ^ dze V dwe ) ' dwe 

^ i dlogB \i dlogB ^ / dlogB \i dlogB ^ 

V dze / dze ^ V dwe ' dwe 
+iABQ{Ho,e)B-^He. 

Ii contains the terms with the first order derivatives of Ji^ and /q contains the 
terms with no derivative of He . In Iq all but the last term have the factor He or 
^e, which, by Theorem 1131 are very small: 

(6.16) \\He\\co<Cil,ro)e^, \\ ^e \\c»< C{l,ro)e^ . 

We should first deal with the last term. 

Combining (|3^ with (|2?T5|) and using (|5?T6| . ([STT]) and (|5?T8| . we have 

ABe{Ho,e)B-^ = ABA-^e{HQ^e)AB-^ = ANe{HQ^e)N-^ = Ae(ifo,e). 
Hence by ([5JT|) . 

(6.17) II ABe{Ho.e)B~^ \\c"< C{1, ro)e'~\ 
Moreover, we recall (15.81) : 

'1 



where "0 is defined in ()5.9p and is zero when restricted to Wq, Uj, and Ua{ro)- Then 
the first part of Theorem [3] implies 

II Ai?e(ifo,e)i3-^ llc,'=(^/„)<e'/' II ABe{Ho,e)B-' ||c.(W„) 

Next we estimate the terms coming from 91ogi? and ddlogB. The most com- 
plicated case is over Ua- (Note we have shrunk Uq in section 5.) Hence we will omit 
the other cases and only estimate for this case. By ()5.16p and (|5.14p . 



where k is defined in (|5.15p . which can be written as 

i / 1 — p-t-/3cxp('(ie — 4 Inr) \ 'I 1 

7-4 '^ ^ ,1 I ^ r wh 

\ 1 — p-t-pexp(^ [nr — Ue)/ 

ea"^ when r G [0, 7'o] 



1 / l-p-|-poxp(Mj — i lnr)\ -1 , ^ r r> 1 

7-4 -— ^--i^ — ,1 I ^ r when r £ tq, 2ro 

y 1 — p-|-pexp(^ Inr — lie) / '^ ^ 



22 JIXIANG FU 



Direct calculation yields 



dlogB Idg,. 9 log K /-I 0\ dlogB . /o z 

^ --f H K^— n 1 h 77^ = Tl"* 



9z 2dz dz \0 IJ' dw \l 

a^iogs a^iogK /-I o\ s^iogs . /o lA a^iogs 



dzdz dzdz \0 ly ' dzdw ^0 Oy ' dwdw 

Consequently, 

(6.19) II 2i|£ „,,,„,< C.-4, II ^ ||,.,„,< C, 

and for fc > 2, 

(6-20) ii^S:^ii^?('^)=°- 

Moreover, by Theorem|31 if we discuss the C^-norm of — gj — on the domain U\U{ro) 
and U{rQ) respectively, we see that 

(6.21) ll^llcj(^.)<C(ro,fc)e-^. 
By (|616l IHTfl [6l9l [QD) , we obtain 

(6.22) |l/o||co<C(;,ro)e^. 

Having made above preparations, we begin to estimate |j Ve^e \\l'^(U)- The 
approach is standard, so we will not mention basic inequalities such as Young's and 
Holder's inequality. We only need to be very careful to deal with e. We assume 
that He has a compact support in Ua otherwise we can shrink the open sets Ua 
to W^ such that they still form an open cover of X and then use cut-off functions. 
Here we note that we can shrink Ua to U'^ by shrinking Ua to U'a in B and hence 
the cut-off functions can be taken only defined on B. Thus |^| = e^laf |, which 
is good enough for us to estimate. We will omit the domain U of integration. We 
will take C as the generic constant which depends on l,k,ro. Remember that He 
is Hermitian symmetric. 

We first do 

/ I Ve Hep = - /" He Ae He = - y He • (/l + h) 

<C II He !|co y" I V. ^eP + C II He llcolUc 

When e is small enough, by (|6.16p . || He ||co is very small and hence the first term 
of the RHS can be controlled by the LHS. Combining this with (|6.16p and (|6.22p 
gives 

(6.23) \\V.n,\\L^<C{l,ro)e^. 
Next we estimate 

/ I V' H.I' < / AeHe Ae He < 2 / |/i|2 + / |/o|2 

(6.24) -^ -^ r 

<C / I V. He I" + Ce-5 / I V. Hel' + Ce'-2i. 



lie" 



We need the following Gagliardo-Nirenberg inequality. 
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Lemma 14. ^ Let f £ LP(M"), D"'f e L«(R"), I <p,q< +cx). Then for any i 
(0 < i < m), there exists a constant C such that 

II D'f ||l'-(R")< C II / ||ip(i„)|| D"'f ||£',(jj„), 
where 

r m p m q 

We use this lemma for the case: n ^ 2, i = 1, r = 4, m = 2, q — 2, and p — +cx), 

y'iv.^.i'<ciiH. ii^oliv^H.r 

Hence, when e is small enough, in (j6.24p . the first term of the RHS can be controlled 
by the LHS. Thus, by (|6:23| . we get 



1-21 



(6.25) II Ve^. IIl^<C6^ 

Now we use the inductive method to estimate || Ve^e II l^- By observation, we 
find that 

Mo(fc)^y'|V^H.|'<C^Af„ 
where 

Mi=J2l\vl'n,\'\vTn,\'\vTn,\', 

for 11,12 > 0, 13 > 0, ii + 12 + h — k; 

M, =E II ^^ lie— ^^ / 1 V" ^^n v:^ n.?\ V- nA\ 



for ii, 12 > 0, 13 > 0, ii + i2 + is = ki < k — 1; 
^^3 ==E II ^^ llrf--^ / I Ve^ ^e|^ for < fci < fc - 1; 

^4 =E II ^ lie- II ^ lie- / 1 V- H.n V- H.n V- Hep, 



9ze "c."" dz, 
for 11,12 > 0, 13 > 0, ii + 12 + ia = fci < fc — 2, ji + J2 = k — ki ~ 2; 

^^5-2^ii^^iic-ii^i^iic-y iv. H.I , 

for < fci < fc - 2, ji +J2^k- fci - 2; 

A/6=Ell^^^(^0'')^"' llcr^-'^i /iVe'HeP, for < fci < fc - 2; 
Mr = II ABe(ifo.e)S-i ||^._. . 
We first deal with Mi. When ii < fci. Lemma [HI implies 






V:^H.|— <C||He|Uo'"^ / IV^H |2 
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Then the Holder inequahty and this inequahty imphes that the summands of Mi 
for 13 > are less than 



as the same reason, the summands of A/i for is = are less than 

Hence when e is small enough, Mi can be controlled by Mo(A;). 

As the above discussion, we see that M2 and M4 can be controlled by M3 and 
M5 respectively. Thus we get 

Mo{k) < C{Ah + M5 + Me + Mr). 

If we let Mo(fci) < Ce^'^''^^ for any fci < fc - 1, then by (jOTj) and (|6J6)) . 

f Ce"''+''i^''+-^(''i) for < fci < fc - 1 
the summand of AU <s„/i, ,k 'r, ^ ' 

~ 1 Ce'"''"^^, for fci = 0; 



the summand of A/5 < ^ ^ /-fe-19 



^g-fc+fci-8+/(fci)^ for < fc-i < fc - 2, 

Ce'-'^^-i^ for fci = 0; 

the summand of A/g < C'e^'-fc+'^i+ZC^i)^ for < fci < fc - 2; 
Afy < Ce^'"''"^ 

Clearly, Az/e and Af? can be controlled by A/3. Hence Afo < C(A/3 + A//5). Moreover, 
dOSlland dl^Sl) imply /(I) = /-16and/(2) = /-21. Ifwclct /(fci) = Z-ll-5fci 
for any integer 1 < fci < fc — 1, then wc sec that 

A./o(fc) < Ce-^+^t*^-!) = Ce'-"-5^ 

Therefore by the inductive method, /(fc) = Z — 11 — 5fc, i.e.. 

By the Sobolcv inequality, we get 



which is transferred, by (|6.14p . to 

II He \\cKS^U)<Ce^^. 

Thus wc obtain, since He = //i,e — /, 

Theorem 15. For any positive integers I and fc so that I > 6k + 15, there is a 
constant C — C{1, k,U'^) depending on I, fc and an open cover {W^} of X which is 
smaller than {Ua} such that for any positive e small enough, 

,, - ,, Z-15-6fc 

Now we can prove Theorem 2. 
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Proof. For the unitary frame (/ii, ^2) associated to i?o,e, the resuhing matrix repre- 
sentations of (iJo,c)^^^i.e are Hi^e. Moreover, we can replace '~"'^^~^'"' by I'. Thus 
the above theorem imphes Theorem 2. D 
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